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Molecular Dynamics simulations are performed over a wide range of water-glycerol 
concentrations to observe the intermolecular hydrogen bond (H-bond) populations at each 
concentration. The measured values from simulations are justified from both a probabilistic 
model of H-bonding and from observing the dynamic behavior of each type of H-bond. The 
populations of H-bonds that exist at a given concentration of glycerol are largely governed by the 
probability of one oxygen atom randomly associating with another oxygen atom. However, the 
H-bonds that glycerol oxygen can form are dependent on the H-bonds that are formed by the 
other intramolecular glycerol oxygen. Based on the dynamic analysis of each type of H-bond, 
there are deviations from randomly associating with another oxygen. Water oxygen have an 
increased likelihood to be donating a hydrogen to a glycerol oxygen than to another water 
oxygen. Glycerol oxygen have a near-equal likelihood for donating a hydrogen to either another 
glycerol oxygen or a water oxygen. This has an effect of increasing the number of H-bonds 
between water and glycerol molecules and decreasing H-bonds between two water molecules. 
A maximum contribution of H-bonds between water and glycerol occurs around 30 mol% glycerol 





Chapter 1: Introduction 
 
1.1 Applications of Water-Glycerol Mixtures 
Water-glycerol mixtures are used for a variety of applications due their unique properties that 
cannot be obtained from either pure solution. One of the unique properties of the mixture is that 
it hinders crystallization. The mixture has a minimum freezing point at 66 wt% glycerol which is 
far lower than the freezing point of either pure solution [1]. This makes water-glycerol mixtures 
a good antifreeze component. Adding glycerol to water depresses crystallization of water even 
at temperatures below the homogeneous nucleation temperature of pure water which allowed 
for the observation of a liquid-liquid transition that cannot be experimentally accessed for pure 
water [2]. Another property of the mixture reaches a maximum around the same concentration 
of glycerol. The volume contraction coefficient, which is related to the deviation from ideal 
mixing, has a maximum that occurs around 60 wt% glycerol [3]. 
It has also been proposed that water-glycerol nanofilms can be used as a superlubricant 
between two hydrotreated surfaces. In a study by Matta et al., a friction coefficient lower than 
0.01 is achieved between two sliding surfaces of tetrahedral amorphous carbon (ta-C) lubricated 
by glycerol [4]. Normally, low friction is created by a self-assembled monolayer (SAM) of polar 
molecules with long aliphatic chains [5], but neither water nor glycerol have the molecular 
structure to create a SAM. To explain the anomalous low friction observed for a water-glycerol 
lubricant, Matta et al. proposed a different mechanism called the “H-Bond Network”. 
Tribodegradation of glycerol between the sliding plates hydroxylates the ta-C to create a 
hydrophilic surface capable of H-Bonding. Additionally, a low viscosity, thin nanolayer of water 
would be generated as a product of glycerol tribodegradation to further enhance 
superlubrication. The hydroxylation of ta-C via tribochemical reactions was confirmed by an 
additional study [6], and the presence of corrosion combined with molecular dynamics 
simulations in the previous study suggests that glycerol is also undergoing tribochemical 
degradation to form acids and water. However, neither the presence nor role that a water 
nanolayer has on creating the superlubrication regime has been directly proven. 
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1.2 Research Approach 
Presently, the role that H-bonds have on improving lubrication and their relation to the property 
minima/maxima occurring around 60 wt% glycerol would like to be better understood for water-
glycerol solutions. In this work, the contributions of different H-bonds in bulk water-glycerol 
solutions as well as their dynamic properties are examined over a wide range of glycerol 
concentrations using molecular dynamics (MD) simulations. By performing molecular dynamics 
simulations of water-glycerol mixtures, individual H-bonds can be directly identified to count the 
populations in each system and tracked over time to observe the rate that H-bonds disassociate. 
These measurements will provide a benchmark for the behavior of H-bonds in the presence of 
dilute and concentrated amounts of glycerol which can be compared with future studies of the 
H-bonds in a confined lubrication regime. 
Studying the hydrogen bond statistics and dynamics of pure water has helped explain the 
non-Arrhenius temperature dependence of bulk water properties at supercooled temperatures 
above the homogeneous nucleation temperature [7, 8, 9]. As the temperature decreases to the 
homogeneous nucleation temperature, the number of hydrogen bonds in water increases which 
restricts molecular diffusion. Despite the non-Arrhenius behavior of diffusive bulk properties of 
water at low temperatures, the molecular rotations corresponding to H-Bond breaking and 
formation in water maintained a normal Arrhenius relationship. For water-glycerol solutions, 
studying the H-bond statistics and dynamics can provide more fundamental insight for why 
several of the mixture’s properties have a maxima/minima occurring around 60 wt% glycerol. 
 Some H-bond statistics for the water-glycerol model used in this study have already been 
measured in previous experiments and simulations. In previous MD studies, the number of each 
type of H-bond was counted in water-glycerol solutions at low temperatures under glass-phases 
and for pure glycerol at moderate temperatures from 250-400 K [10, 11]. A more robust analysis 
of H-bonds for a different water-glycerol model have also been performed. For the other model, 
H-bond populations have been counted for 0-30 mol% glycerol solutions [12] and at 80 mol% 
glycerol [13]. However, based on a model validation study of different water-glycerol models 
used in MD simulations [14], the newer water-glycerol model used in ref. [11] and in this study 
can more accurately predict the experimental bulk thermodynamic properties of water-glycerol 
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mixtures. For this reason, the number of H-bonds across a wide range of water-glycerol 
concentrations is recalculated for the newer water-glycerol model in this study. In the previous 
simulation studies, relative populations of HB’s are measured using radial distribution functions 
(RDF’s) and angle distribution functions (ADF’s). In this study, RDF’s and ADF’s are also calculated 
in order to determine appropriate geometric definitions for H-bonds at different concentrations. 
After the geometric H-bond definitions are defined, then the fraction of each type of H-bond in 
the water-glycerol system as a function of glycerol concentration is analyzed for an observed 
maximum occurring around 60-70 wt% (~23-31 mol%) glycerol. 
However, due to the somewhat arbitrary assignment of H-bond definitions in MD 
simulations, a new approach is developed in this study to verify that the fractions of each type of 
H-bond observed from MD results can be justified based on entropic effects and preferred 
conformations. A probability model for oxygen randomly associating with another oxygen in the 
system accounts for entropic effects, and the dynamic relaxation of H-bond populations are 





Chapter 2: Simulation Methodology 
 
2.1 Molecular Dynamics Simulation Details 
Molecular dynamics simulations are performed using the open-source LAMMPS software version 
released on August 22, 2018 [15, 16]. LAMMPS is able to perform time integration of atomic 
particle movement based on the energy potentials that are specified for a molecular system. The 
details for the time integration and equations of motion are given in ref. [17]. 
For the water-glycerol systems studied, the contributions to a particle’s energy comes 
from Lennard-Jones interactions, electrostatic Coulombic forces, bond strain, angle strain, and 
dihedral strain. The choice of these contributions is to comply with the water-glycerol model used 
in ref. [14]. The Lennard-Jones interactions are an attractive force at long ranges to simulate van 
der Waals (VDW) interactions and repulsive at close range to account for electron orbital 
repulsion. The Lennard-Jones potential can be calculated from 
 










]                    𝑟 < 𝑟𝑐  
 
𝐸𝑉𝐷𝑊(𝑟) = 𝐿𝐽(𝑟) ∗ 𝑆(𝑟)                           𝑟𝑐 < 𝑟 < 𝑟max 
 
𝐸𝑉𝐷𝑊(𝑟) = 0                                                        𝑟 > 𝑟max 
 
Where ϵ corresponds to the strength of the van der Waals attraction, and  indirectly modifies 
the distance where the lowest energy occurs between two atoms by defining the distance where 
the Lennard-Jones energy is 0 between two atoms. The Lennard-Jones contributions are 
calculated between all atoms within a distance rc from each other. Past this distance, the 
calculated energy is very small but not 0. In order to smooth out the transition in energy from 
E(rc) to 0, a force-switching function, S(r), is used between rc and a larger radius rmax to scale the 
calculated energy to 0 [18]. 
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For most calculations in this study, rc is set to 11 Å and rmax is set to 12 Å in compliance 
with ref. [14]. The system at 300 K and 70 mol% glycerol used a Lennard-Jones cutoff at 12 Å and 
no switching function was used for approximately 70ns of equilibration. Then, the switching 
function was implemented for the system. The effects of using a switching function on these 
systems are determined to be negligible based on Appendix section II. 





                         𝑟 < 𝑟𝑚𝑎𝑥 
 
Where C is an energy-conversion constant, ϵ is the dielectric constant, and qi and qj are the 
charges of atoms i and j, respectively. For atom pairs closer than rmax, the Coulombic attractions 
are calculated directly. The Coulombic attractions from the contributions of atoms farther than 
rmax are approximated using a particle-particle particle-mesh solver in reciprocal space [19]. It 
maps atom charges to a 3D mesh and uses FFT’s to solve Poisson’s equation. The electric field 
generated on the 3D mesh is used to determine the additional long-range Coulombic attractions 
for each atom. A damping factor is applied to the direct Coulombic attractions to account for the 
contribution of nearby atoms to the electric field. For all calculations in this study, rmax for direct 
Coulombic interactions was 12 Å. 
The energy of bond strains and angle strains are calculated by a harmonic oscillator 
 
𝐸𝑏(𝑟) = 𝐾𝑏(𝑟 − 𝑟𝑜)
2 
 
𝐸𝜃(𝜃) = 𝐾𝜃(𝜃 − 𝜃0)
2 
 
Where Kb and K are spring constants and ro and o are the equilibrium bond length and bond 
angle, respectively. 
The energy of dihedral strains is calculated by 
 




Where d is either 1 or -1, K is a spring constant, and n corresponds to how many stable angles 
the dihedral can conform to. The angle of the dihedral, , is scaled such that 0 corresponds to 
the cis conformation. 
The values for the parameters of glycerol molecules can be found in the supplementary 
information for ref. [10], and the parameters used for water are the TIP4P/2005 model found in 
ref. [20]. Only the parameters for Lennard-Jones interactions between the same atom type are 
given in the above references. For Lennard-Jones interactions between different atom types, the 







𝜖𝑖𝑗 =  √𝜖𝑖𝑖𝜖𝑗𝑗 
 
All H-bond analyses from the molecular dynamics simulations, including geometric 
distribution functions, H-bond identification, and H-bond dynamics, are performed with in-house 
code. 
 
2.2 Water-Glycerol Model Validation 
The initial development of the glycerol model used in this study was performed by Chelli et. al 
[21]. In the study, Lennard-Jones, bond, angle, and dihedral constants were obtained from the 
AMBER force field [22]. The atomic charges were determined by an electrostatic potential fit 
using ab initio quantum mechanical calculations at the B3LYP/6-31G* level. The molar specific 
heat, density of states, and radial distribution functions were calculated based on molecular 
dynamics simulations and compared to experimental data (density of states from incoherent 
neutron scattering). 
The charges and Lennard-Jones parameters of the hydrogen atoms in the glycerol model 
were modified in ref. [23] in order for the diffusion of molecular dynamics simulations to more 
closely match experimental results. The relaxation time obtained from intermediate structure 
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factor analysis also agreed with the relaxation time calculated from coherent neutron scattering 
experiments [24]. 
The model proposed in ref. [23] was compared against 4 other models for glycerol by 
measuring various bulk thermodynamic properties as a function of temperature in ref. [10]. The 
density, thermal expansion coefficient, and diffusion agreed well with experiments, but the heat 
capacity at constant pressure, along with all other models, was twice as large as the value from 
experiments. 
The model for glycerol was combined with different water models in a follow-up study 
[14]. In conclusion, the glycerol model above combined with the TIP4P/2005 model for water 
[20] was best able to replicate the temperature and concentration dependence of bulk 
thermodynamic properties of water-glycerol mixtures. 
 
 2.3 Initial Structure Generation and Structural Equilibration 
All simulations performed consist of 1464 molecules with varying concentrations of glycerol. A 
total of 5 different molar concentrations of glycerol, 0.068%, 10%, 30%, 50%, and 70%, are 
studied to observe how hydrogen bonds will change in the presence of either dilute or saturated 
glycerol mixtures (0.068 mol% glycerol contains a single glycerol molecule with 1463 water 
molecules). The 0.068 mol% glycerol mixture is referred to as < 1 mol% glycerol throughout this 
study. The initial structures for the water-glycerol mixtures are prepared using PACKMOL to 
randomly place water and glycerol molecules in a simulation volume without molecular overlap 
[25]. The appropriate starting volume to place the molecules is based on standard mixing rules 
for water and glycerol at STP. Values of the specific gravity for water-glycerol mixtures given in 
ref. [26] indicate that standard mixing rules will give a reasonable starting volume. The 
dimensions of the initial cubic simulation boxes range from 35 Å3 to 52 Å3 depending on the molar 
concentration of glycerol. Charges, bonds, angles, and dihedrals are added to the system output 
by PACKMOL by using in-house code. 
Initial velocities are assigned to atoms in the system by randomly sampling from a 
gaussian distribution of velocities corresponding to a temperature of 300K. Velocities are 
assigned in such a way that there is no net momentum or rotation of the system. 
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Time integration of the system is performed using a constant NPT ensemble using the 
equations of motion described in ref. [17]. The time between integration steps is 1 fs in 
accordance with the model verification study in ref. [14]. Pressure is set to 1 bar and controlled 
by a Nose-Hoover barostat with a damping parameter of 1ps. Temperature is set to 300 K and 
controlled by a Nose-Hoover thermostat with a damping parameter of 0.1 ps. Periodic 
boundaries are set for all 3 dimensions. System equilibration is allowed to take place over 20 ns 
for all water-glycerol mixtures. This time is to allow for the systems with the slowest dynamics to 
sample new neighbors. For the higher concentrations of glycerol, the glycerol molecules have a 




Equilibration of the water-glycerol systems is estimated by observing the time-
dependence of the total energy and density of the system. Both density and total energy of the 
systems converge within approximately 4 ns. For the 50 mol% glycerol solution, the average total 
energy of the system is -2860 eV with a standard deviation from the average of 5.82 eV based 
on values measured every 1ps from 4ns to about 20ns after the start of the simulation (Note: this 
energy value is extensive and not normalized to a molar basis). This standard deviation 
corresponds to a relative deviation from the average of 0.2% which suggests stable behavior in 
the system from 4 ns to 20 ns. 
Figure 1 – Example of a typical water-glycerol simulation cell. 
A 50 mol% glycerol solution after 20 ns of equilibration at 
300K and 1 bar is shown. Image of the molecular system is 




Figure 2 – Changes in density (Left) and total energy (Right) as the initially generated molecular 




Chapter 3: Results 
 
3.1 Hydrogen Bond Definition 
A hydrogen bond, according to the IUPAC standard, is an electrostatic attraction between a 
hydrogen atom covalently bonded to an electronegative atom and a separate electronegative 
atom [27]. The electronegative atom covalently bonded to the hydrogen is referred to as the 
donator atom whereas the other electronegative atom is the acceptor atom. The attraction 
between the hydrogen and the acceptor atom creates a partial covalent bond that preferentially 
forms a linear chain with the covalent bond between the hydrogen and the donator atom. 
 
3.2 Identifying Hydrogen Bonds in Molecular Simulations 
When identifying H-bonds in computer simulations, most previous studies use a geometric 
criterion such as a maximum distance between the donor and acceptor atom and/or hydrogen 
atom and acceptor atom. Additional geometric criteria have also been employed by specifying 
an angle between the acceptor, donator, and hydrogen atoms to ensure that the 3 atoms form a 
linear configuration. To provide a few examples, water H-bonds were defined with a maximum 
distance of 3.5 Å between the oxygen atoms and a maximum H-Od-Oa angle of 30° in ref. [28]. In 
a MD study of ethylene glycol mixtures, the H-bond criteria required Oa-H distances to be less 
than 2-3 Å, Od-Oa to be less than 3-4 Å, and an Od-H-Oa angle greater than 150° [29]. Another MD 
article that studied the hydrogen bonds in various alcohols used similar criteria to the previous 
study except the angle requirement was that H-Od-Oa was less than 30° [30].  The geometric 




Figure 3 – Geometric hydrogen bond definition employing a maximum distance between the 
donor oxygen (Od) and acceptor oxygen (Oa), rmax, and a maximum angle, θ, between the Od-Oa 
vector and Od-H bond. 
 
 For a system containing water and glycerol molecules, the only atoms that are considered 
to form H-bonds are the oxygen atoms and their covalently bonded hydrogen atoms. There are 
4 possible types of intermolecular bonds considered based on combinations of donor-acceptor 
atoms. 
 
Abbreviation Donor Atom Acceptor Atom 
















Table 1 - Intermolecular hydrogen bond definitions 
For glycerol, it is possible for intramolecular H-bonds to form [10, 11]. Across a wide 
temperature range and in both dilute and concentrated amounts of glycerol, glycerol molecules 
contain around one intramolecular H-bond on average. However, in this study, only the 
intermolecular H-bonds of the mixtures will be measured. As indicated from the above studies, 
the number of intramolecular glycerol H-bonds remains nearly constant across all concentrations 
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of glycerol and only provide a small contribution to the total number of H-bonds per glycerol 
molecule (around 7-8). The presence of intramolecular H-Bonds will reduce the number of 
intermolecular bonds for glycerol oxygen, but their dynamic properties are not estimated to be 
much different from intermolecular g-g H-bonds due to the identical interaction parameters. This 
is, however, and assumption and future research may wish to analyze the dynamic properties of 
intramolecular H-bonds in water-glycerol mixtures. 
The central oxygen atoms could be distinguished from the oxygens connected to the 
terminal carbons in glycerol based on different steric hinderances. However, the Coulombic and 
Lennard-Jones parameters used to define the glycerol oxygen atoms in the molecular simulations 
are identical and it is expected that the dynamic properties will not differ greatly. From studies 
of the water-glycerol mixture at low temperature, the structural order between terminal and 
central oxygen atoms and water atoms is similar based on radial distribution function analysis 
[11]. Nevertheless, it should be noted that all static and dynamic parameters obtained for H-
bonds containing glycerol have contributions from both terminal and central oxygen atoms. 
 
3.3 Measuring Hydrogen Bonds in Experiments 
In experiments, hydrogen bonds can be identified by frequencies corresponding to OH bond 
stretching. However, the dynamical breaking and reforming of hydrogen bonds cannot be 
measured directly, only correlated. From the vibrations of OH bonds, the contribution of the 
faster liberation motions can be separated out from the frequency distribution and correlated to 
hydrogen bond dynamics [7]. Several experimental methods can probe OH bond vibrations. A 
few examples of studying OH bond vibrations in either water or glycerol include Rayleigh light 
scattering [31, 32], dielectric relaxation [33, 34], incoherent quasielastic neutron scattering 
(IQENS) [35, 36], and coherent quasielastic neutron scattering (QENS) [7, 24]. The faster 
liberation motions identified through IQENS and QENS on light and heavy water correlate to 
rotation of hydrogen about the center of mass of molecules [7]. This motion is referred to as  
relaxation. For water,  relaxation is assumed to correlate strongly with hydrogen bond breaking 
and reformation. A comparison of the temperature dependence of the  relaxation extrapolated 
from several experimental methods and the hydrogen bond dynamics obtained from molecular 
 13 
 
dynamics simulations shows activation energies ranging from 8 to 11 kJ/mol and an agreement 
on absolute values of the dynamic rates within an order of magnitude [7]. This gives some 
confidence that hydrogen bond dynamics measured in simulations can be compared with 
isolated vibrational frequencies obtained from experiments. However, it is outside of the scope 
of this paper to discuss or determine the methodology of identifying a separable vibrational 
frequency that would correspond to glycerol H-bonds in water-glycerol solutions, nor is it known 
by the author if such an approach is currently feasible. Up to this point, coherent and incoherent 
neutron scattering experiments have been performed on glycerol solutions [24, 36]. From the 
incoherent neutron scattering experiments, motions related to diffusive and structural relaxation 
have been isolated, but H-bonding is only one component of the structural relaxation of glycerol. 
 
3.4 Assigning H-Bond Criteria for Molecular Simulations 
In this study, a geometric criteria with a maximum radius between the donor and acceptor 
oxygen is used along with an angle criteria for the donor-hydrogen-acceptor configuration (See 
Figure 3). The maximum radii used for different H-bonds are based on radial distribution 
functions between the specified donor-acceptor pair, and the angle criteria is specified such that 
the donor-hydrogen-acceptor bonds form a near linear chain. 
A radial distribution function (RDF) between a central and terminal atom calculates the 
relative density of terminal atoms, g(r), at a given distance, r, away from a central atom compared 
to the average density of the terminal atom throughout the entire system. RDF analysis is used 
to probe the structural order in systems based on the location and intensity of the peaks. Larger 
peaks at a given distance indicate that central and terminal atoms have a higher probability to be 
separated by the corresponding distance and suggests a structural ordering of the particles. 
Because the value of g(r) is normalized to the bulk density, the value of g(r) will approach unity 
at large distances of r corresponding to an unordered association between the central and 
terminal particles. 
RDF’s are calculated by averaging g(r) over all of the central atoms in a simulation system 
as well as averaging over 500 timesteps separated by 40 fs for the system containing 0.068 mol% 
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glycerol and 10 ps for the other systems. Only the specified terminal atoms contribute to the 
value of g(r), and intramolecular atoms are also excluded from the RDF calculations. 
 A standard RDF calculated with glycerol oxygen as the central atom is affected by the 
obstruction of the carbon backbone of the glycerol molecule. The first peak corresponding to H-
bonded neighbors is diminished due to the smaller accessible area around the central glycerol 
atom. A standard RDF assumes that the entire volume of a finite radial shell is available for 
terminal atoms to occupy, but this is not the case for small distances around a glycerol oxygen. 
To account for the obstruction of the glycerol backbone, a previous study that performed MD 
simulations of water-glycerol solutions employed a “half-volume” RDF [11]. A plane was defined 
orthogonally to the C-O bond on the central oxygen atom that split the simulation box into two 
sides. The RDF was calculated only on the half of the simulation box that excluded the carbon 
backbone. To achieve a similar effect, an angle is assigned between the central glycerol oxygen, 
the covalently bonded carbon, and the neighboring oxygen. If this angle is less than 90, then the 
neighboring oxygen is on the carbon backbone half of the simulation box and is excluded from 
the RDF calculation. 
 
 
Figure 4 – (Left) Standard RDF compared to a “half volume” RDF with glycerol atoms as both the 
central and terminal atom for a 50 mol% glycerol mixture. (Right) Illustration of how an oxygen-
oxygen pair is determined to be included in the “half volume” RDF. 
From Figure 4, the obstruction of the glycerol backbone affected the normal RDF between 
glycerol oxygen by reducing the apparent correlation in the first and second solvation shell. The 
“half volume” RDF restores the peaks corresponding to the first and second solvation shell and 
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slightly shifts the location of the first peak to a farther distance. In order to more clearly see the 
correlation between glycerol oxygen and other oxygen atoms, the RDF’s calculated with glycerol 
as the central atom in Figure 5 utilize a “half volume” RDF. 
 
 
Figure 5 - RDF’s between the different specified oxygen pairs. The first letter indicates the central 
atom and the second letter indicates the neighbor atom in the RDF. Ow-Ow and Ow-Og RDF’s are 
calculated normally and Og-Og and Og-Ow RDF’s are calculated using a half-volume RDF to account 
for the obstruction of the carbon backbone on the RDF calculation. 
The RDF between all combinations of water and glycerol oxygen pairs are calculated to 
determine the distances that H-bond donor and acceptor atoms are separated by. The first peak 
between oxygen atoms corresponds to the closest neighbors which are candidates for H-bonding. 
The width of the peaks corresponds to the vibrational freedom of the H-bonds and result in a 
range of possible H-bond distances. 
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Overall, the location of the first peaks for oxygen-oxygen RDF’s in water-glycerol systems 
are not influenced by the glycerol concentration, but the width and strength of these peaks are. 
The correlation between Ow decrease as the glycerol concentration increases which indicates 
that, while the distance between Ow does not change, there are fewer instances of Ow 
neighboring each other. A similar conclusion can be made for Og as the glycerol concentration 
decreases. This is expected as it is statistically more likely for an oxygen atom to associate with 
the opposite molecule as the opposite molecule’s concentration increases. However, it is 
interesting to note that even at 30 mol% glycerol, a concentration where there are more glycerol 
oxygen atoms than water oxygen atoms, there is still a very low frequency of Og-Og neighbors. 
 The second peak in the Ow-Ow RDF is also lowered at glycerol concentrations of 30 mol% 
and above. The second peak, appearing around 4.5 Å, is characteristic of the second hydration 
layer in ordered hexagonal ice [37]. This suggests that higher glycerol concentrations disrupt the 
ordered network of H-bonds normally present in pure water. The disruption of the pure water H-
bond network with increasing glycerol concentration may be responsible for reducing the melting 
point of the mixture compared to a pure water solution. These changes in the water network 
with increasing glycerol concentration are similar to what was observed in the liquid-liquid 
transition of a dilute water-glycerol mixture in the supercooled regime [11]. They observed that 
water molecules transitioned from the second hydration layer to the first when water 
transformed from a low density amorphous (LDA) liquid to a high density amorphous (HDA) 
liquid. However, in the case of increasing glycerol concentration, the first hydration layer peak 
broadens but the number of neighbors in the first hydration peak decreases instead of increases. 
The first peaks in the RDF’s between glycerol oxygen and water oxygen (Og-Ow and Ow-Og 
in Figure 5) are very similar over the range of 30 mol% to 70 mol% glycerol and suggests a similar 
number of glycerol-water oxygen neighbors across this concentration range. The double peak 
suggests two different preferred distances, and this turns out to be due to which oxygen atom is 
donating a hydrogen to the other oxygen (See Figure 7). This double peak was also identified in 
the RDF’s of dilute water-glycerol mixtures in the supercooled regime in ref. [11]. 
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 The distance of the first minimum after the first peak in each RDF is used to specify an 
initial cutoff distance to further analyze the orientation of water and glycerol oxygen neighbors 
using an angle distribution function (ADF). 
The angle distribution function (ADF) is similar to a RDF except it measures the frequency 
of OdHOa angles, g() (this angle is identical to the one defined in Figure 3). The values of g() 
are not normalized based on the different volumes of g(+) because the purpose of the ADF 
in this study is to compare “at face value” the number of H-Bond pairs detected at different 
angles and ultimately specify a reasonable maximum H-Bond angle that would incorporate a 
majority of the H-Bonds. Specifying too small of a cutoff angle for H-bonds would only identify a 
small fraction of the entire “true” H-bond population in a system. Too large of a cutoff angle 
would overestimate H-bond populations by incorporating a significant number of false positive 
H-bonds. By looking at the ADF’s for each type of H-bond, an ideal angle can be selected for each 
type of H-bond that will include most of the H-bonds without including too many false negative 
H-bonds. For ADF functions with water oxygen as the central atom, two angles are calculated for 
every specified neighbor to calculate the angle between the terminal oxygen and each hydrogen 
atom bonded to the water oxygen. 
For all of the ADF’s measured, the peaks emerging at low angles and high angles 
correspond to the central atom donating and accepting in a H-bond, respectively. In the first case, 
the angle between the central atom’s covalently bonded hydrogen and the neighbor atom is 
small and suggests that an H-bond is formed by donating its hydrogen to the neighbor. When the 
measured angle is large, the central atom’s hydrogen is pointed away from the neighboring atom 
to allow for it to associate with the neighbor’s hydrogen atom. For both water and glycerol 
oxygen atoms, the preferred angles between their neighbors and hydrogen atoms are 
independent of whether the neighbor is a water or glycerol oxygen. This can be seen by similar 
peaks occurring in the ADF’s in Figure 6 that have the same central atom. 
However, water and glycerol oxygen atoms have slightly different ranges of angles that 
correspond to donating or accepting a hydrogen from its neighbor. The small measured angles in 
the w-w and w-g ADF, corresponding to H-Bonds with water oxygen as the donator atom, fall 
below 30-35. The exception to this generalization is a broader range of angles associated with 
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w-g H-Bonds at 10 mol% and 30 mol% glycerol. In the cases where water oxygen has its hydrogen 
oriented away from the neighbor atom, the angle is slightly over 100. This angle occurs when 
the other hydrogen attached to the water oxygen is oriented towards the neighbor atom and 




Figure 6 – ADF’s between the different specified central-neighbor oxygen pairs and the hydrogen 
atoms attached to the central atom. The measured angle, , is the angle defined in Figure 3. 
Values of g() are normalized by the total number of angles measured to allow for comparison 
between different glycerol concentrations. Thus, the value of g() is the fraction of neighbors for 
a given system that form an angle  with the central atom’s hydrogen. 
 
For glycerol oxygen, the peak associated with hydrogen donation is broader and extends 
out around 50°-70°. This is consistent with ref. [10] where it was stated that internal interactions 
will cause the glycerol-glycerol H-bond angle to be larger than 20°. The preferred angle formed 
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when the central glycerol is accepting a hydrogen bond from the neighbor atom is around 125°. 
Because glycerol oxygen only has 1 hydrogen atom, the single hydrogen is able to distance itself 
farther from the neighbor hydrogen than the two hydrogen on water oxygen. 
 A caveat when analyzing the g-g ADF at low concentrations is that the parabolic 
distribution with a maximum of 90° is an artifact of not normalizing g(θ) based on the volume of 
g(+). If the values of g(θ) were to be normalized based on the volume of each angle bin, then 
the values of g(θ) would show a near uniform density for all angles of θ and only a slight 
preference for the angles corresponding to hydrogen donating and accepting at higher glycerol 
concentrations. 
An interesting feature of the w-w ADF is a peak occurring at around 60° that becomes 
more prominent with increasing glycerol concentration. This is neither a small angle associated 
with hydrogen donation nor an artifact of the difference in the volumes of the angle bins. The 
water oxygen neighbors with a θ = 60° could be due to crowding of non-H-bonded water 
molecules. A possible explanation is neighboring water molecules that are H-bonded with two 
different intramolecular glycerol oxygen get constrained closer together as increasing glycerol 
concentrations reduce the accessible space for water domains. 
The following HB analysis requires a reasonable maximum H-bond angle to be specified 
for each donor-acceptor pair. Due to molecular vibrations, no H-bond configuration will be 
completely linear, and an angle tolerance is selected based on ADF’s of donor-acceptor atoms to 
ensure that a majority of the “true” H-bond population is identified without including too many 
false positive H-bonds. The H-bond angle is specified to be less than 35° for H-bonds with water 
oxygen as the donator atom and 50° for H-bonds with glycerol oxygen as the donator atom. These 
angles are based off of the minima that occurs after the first peak in the w-w ADF in the <1 mol% 
glycerol solution and in the g-g ADF for the 70 mol% glycerol solution, respectively. The location 
of the minima does shift with changing glycerol concentration as well as for the w-g and w-g 
ADF’s. However, the shifts are very slight due to changing glycerol concentrations. The most 
dramatic change in the minima occurs in the g-w ADF, shifting up to 75° at higher glycerol 
concentrations. However, based on the observation of water crowding at higher glycerol 
concentrations, the broadening of the first peak could be due to more tightly packed water 
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molecules that are associated with another intermolecular glycerol oxygen. Including these 
additional tightly packed water molecules would be introducing false-positive g-w H-bonds, so 
the smaller angle cutoff of 50° is maintained for all H-bonds with glycerol oxygen donators. 
 
3.5 Determining Number of Hydrogen Bonds in a Water-Glycerol System 
In order to determine a more appropriate maximum radius for H-bonds, a modified RDF that 
imposes the H-bond angle criteria is calculated for each donor-acceptor pair, HB(r). The central 
atom in the modified RDF calculation is treated as the donator atom in a H-bond and the neighbor 
atom is the acceptor atom. For each hydrogen bonded to the central atom, the angle is checked 
between the central atom, hydrogen, and neighbor. If the angle is less than the maximum angle 
specified from the ADF analysis, then it is included in HB(r). With the added angle constraint, the 
HB(r) for a central-terminal pair, Oc-Ot, measures the type of H-bond with a donor-acceptor pair 
of dc-at. 
When HB(r) is integrated up to the maximum radial cutoff for a H-bond, this will yield the 
average number of a given type of H-bond per donor atom. The H-bond angle is based on the 
ADF analysis performed in the previous section, and the maximum radial cutoff is determined 
from the first minima occurring in HB(r). Because neighbors are excluded based on the geometric 
criteria, the values of HB(r) do not converge to 1 and the absolute values do not hold any 




Figure 7 – Modified RDF for donor-acceptor pairs that requires the neighbor to adhere to the H-
bond angle criteria. Top plots show HB(r) and plots below show the average number of H-bond 
pairs integrated from 0 to r. 
When the angle criteria are imposed in the RDF’s between donor-acceptor pairs, the 
distance of the minimum after the first peak becomes more consistent across different glycerol 
concentrations compared to the normal RDF’s in Figure 5. 
In Figure 7, the minimum of HB(r) after the first peak for w-w and w-g approaches close 
to 0 indicating a clear division between H-bonded neighbors in the first solvation shell and non 
H-bonded neighbors in the second solvation shell. This makes the calculation for the average 
number of H-bonds that a water oxygen is donating in, <HB>w, consistent for an assigned H-bond 
cutoff distance of 3.2 Å to 3.7 Å for the glycerol concentrations studied. 
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The minima after the first peak in g-g and g-w still contain a finite number of neighbors. 
Physically, this indicates that the maximum H-bond distance is less defined when glycerol oxygen 
acts as the donator. As a result, the value of <HB>g becomes more dependent on the exact value 
assigned to the maximum H-bond cutoff radius. 
The maxima of the first peaks in the w-g and g-w HB(r) each correspond to one of the 
peaks in the double-peak observed in the Og-Ow and Ow-Og RDF’s in Figure 5. As previously 
indicated, the distance that Ow and Og are separated by depends on which oxygen acts as a 
hydrogen donor. When Ow has a hydrogen oriented towards Og, then the peak occurs around 2.7 
Å. When Og has its hydrogen oriented towards Ow, the peak occurs at 2.95 Å. 
For all H-bond definitions, the maximum radial cutoff for a H-bond is based on the 
minimum after the first peak of each HB(r) at different concentrations of glycerol. The geometric 
criteria to define H-bonds in the system along with the average number of H-bonds per donor 





< 1 10 30 50 70 
r (Å) < 3.70 < 3.75 < 3.80 < 3.75 < 3.85 
θ (deg) < 35 < 35 < 35 < 35 < 35 
<HB>w 1.96 1.59 0.80 0.32 0.08 





< 1 10 30 50 70 
r (Å) n/c < 3.60 < 3.55 < 3.45 < 3.35 
θ (deg) n/c < 35 < 35 < 35 < 35 
<HB>w n/c 0.58 1.56 1.91 2.04 







< 1 10 30 50 70 
r(Å) n/c < 3.70 < 3.70 < 3.70 < 3.70 
θ (deg) n/c < 50 < 50 < 50 < 50 
<HB>g n/c 1.23 0.93 0.57 0.28 





< 1 10 30 50 70 
r(Å) n/c < 3.50 < 3.45 < 3.50 < 3.50 
θ (deg) n/c < 50 < 50 < 50 < 50 
<HB>g n/c 0.02 0.18 0.47 0.65 
<HB>g n/c 0.02 0.18 0.47 0.65 
Table 2 – Hydrogen bond definitions for different donor-acceptor (d-a) oxygen pairs and for 
different concentrations of glycerol. The average number of a H-bond type per donor atom <HB>d 
and acceptor atom <HB>a is also provided. 
 
3.6 Probability model for the Number of H-bonds in a System 
By taking the average number for each type of H-bond per donor atom and determining the total 
number of H-bonds in a system, then the fraction of each type of H-bond at each concentration 
of glycerol can be obtained. From Figure 8, the fraction of H-bonds between glycerol and water 
molecules, w-g and g-w, reaches a maximum for the 30 mol% glycerol system. However, because 
there is no way to determine the error in the calculated values of <HB> compared to the “true” 
values of <HB>, and thus the reliability of the trend, a reasonable model is supplied to justify the 
trends based on the probability of randomly assigning H-bond pairs. 
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To calculate the fraction of a given type of H-bond in a system based on equally favored 
conformations, the number of ways that one specific donor-acceptor pair can form in a system 
is compared to the total number of donor-acceptor pairs that can form. In a water-glycerol 
system containing N molecules and a glycerol molar fraction of C, then the total number of water 
oxygen atoms, nw, and glycerol oxygen atoms, ng are 
 
𝑛𝑤 = 𝑁 ∗ (1 − 𝐶) 
𝑛𝑔 = 𝑁 ∗ 3𝐶 
 
For the 4 different types of intermolecular H-bonds in the system, w-w, w-g, g-w, and g-g, the 
number of possible conformations of each donor-acceptor pair, Pda, is 
 
𝑃𝑤𝑤 =  𝑛𝑤 ∗ (𝑛𝑤 − 1) 
𝑃𝑤𝑔 =  𝑛𝑤 ∗ 𝑛𝑔 
𝑃𝑔𝑤 =  𝑛𝑔 ∗ 𝑛𝑤  
𝑃𝑔𝑔 =  𝑛𝑔 ∗ (𝑛𝑔 − 3) 
 
The total number of possible hydrogen bonds that water can act as a donor in is the sum of Pww 
and Pwg. Then, the fraction of w-w H-bonds compared to the total number of H-bonds that water 























Now, the total number of each H-bond in the system, Nda, can be determined by taking the 
fraction of each H-bond conformation per donor atom and multiplying by the number of donor 
atoms in the system. An additional multiplying factor is added on to account for each water 
oxygen donating in 2 H-bonds simultaneously and glycerol usually donating in 1 H-bond. 
 
𝑁𝑤𝑤 = %𝑊𝑤𝑤 ∗ 𝑛𝑤 ∗ 2 
𝑁𝑤𝑔 = %𝑊𝑤𝑔 ∗ 𝑛𝑤 ∗ 2 
𝑁𝑔𝑔 = %𝑊𝑔𝑔 ∗ 𝑛𝑔 ∗ 1 
𝑁𝑔𝑤 = %𝑊𝑔𝑤 ∗ 𝑛𝑔 ∗ 1 
 
The final fraction of each H-bond in the system is then determined by taking Nda and dividing by 
the total number of H-bonds in the system. 
A second model is considered to account for the interdependence of possible H-bonds 
involving glycerol oxygen. Because there are three glycerol oxygen that are closely associated by 
a carbon backbone, assigning one possible H-bond to one of the glycerol oxygen may influence 
the possible H-bonds that the other two intramolecular glycerol oxygen can form. A way to 
approximate the dependence of the three intramolecular glycerol oxygen on each other is by 
determining the number of possible conformations based on the number of glycerol molecules 
rather than the number of glycerol oxygen. This modifies the possible conformations of H-bonds, 
Pda, to be 
 
𝑃𝑤𝑤 =  𝑛𝑤 ∗ (𝑛𝑤 − 1) 




𝑃𝑔𝑤 =  𝑛𝑔 ∗ 𝑛𝑤  










The two models are compared in Figure 8. 
 
 
Figure 8 – Fraction of w-w, w-g, g-w, and g-g H-bonds as a function of glycerol concentration. 
Values obtained from simulations are shown as points. Dotted lines are the values obtained from 
the probability model to predict the fraction of the H-bond of the corresponding color. MD results 
plotted against the probability model using the number of glycerol atoms (Left) and the number 
of glycerol molecules (Right). 
 
Based on the comparison of the two probability models in Figure 8, the model that 
assumes an interdependence of the possible H-bonds that form for intramolecular glycerol 
oxygen more closely fits the results from MD simulations. Both models predict the contribution 
of w-w H-bonds reasonably well, but the inflection of the trend for the fraction of g-g H-bonds is 
more closely modeled by an interdependence of intramolecular glycerol oxygen. However, both 
models consistently underestimate the contributions of w-g and g-w H-bonds as well as 
overestimate g-g contributions compared to the MD results. This could either be due to oxygen 
having a preference to H-bond to opposite molecules or an overestimation of w-g and g-w H-
bonds based on the H-bond criterion used. 
From static analysis alone, it is difficult to determine if the observed fractions of HB types 
are due to purely entropic effects or also an increased affinity for creating H-bonds with opposite 
molecules. For this reason, the dynamics of the H-bonds in water-glycerol systems are also 




3.7 Hydrogen Bond Dynamics 
3.7.1. Measuring Hydrogen Bond Dynamics in Molecular Simulations 
Previous work has used many different methods to extract the underlying dynamic parameters 
for HB’s. However, almost all hydrogen bond dynamic studies use a form of a hydrogen bond 
autocorrelation function (HBACF) [38, 29, 28, 39, 40, 41, 42, 30]. The basic HBACF, c(t), 
determines the fraction of the hydrogen bonds present at t=0 that also exist at a given time t. By 
fitting a rate expression to the relaxation of the initial population of hydrogen bonds, a rate of 
hydrogen bond breaking can be extrapolated. Previous research on H-bond dynamics have 
indicated that autocorrelations follow a near-exponential decay which suggests a first-order 
kinetics process [28, 39, 41]. If the only process influencing the relaxation of the initial H-bond 






With kb being the rate of H-bond breaking. However, the deviations in HBACF’s from purely 
exponential decay suggest additional phenomena affect the relaxation of the initial H-bond 
population. The deviation from exponential decay has been identified to be the ambiguity of 
when hydrogen bonds terminate [39]. Hydrogen bonds contain liberational motions that will 
cause the geometric criteria to be temporarily violated throughout the lifetime of a hydrogen 
bond. When a H-Bond terminates, the distance between two oxygen atoms can cross an arbitrary 
distance cutoff several times before completely moving from the first solvation shell to the 
second (See Fig. 3 from ref. [38]). Some groups attempt to mask the “false breaking” effects by 
allowing HB’s to violate the criteria for less than a critical violation time, t* [30, 41, 40]. 
HB’s also have a chance to reform after some period of time after rupturing. This would 
mean that the H-bond population existing at time t could contain previously broken and 
reformed H-bonds. Thus, continuous H-Bond autocorrelation functions are also calculated to 
prevent the diffusion and reformation of H-bonds from affecting the correlation [29, 42, 38]. 
The difficulty in assessing hydrogen bond dynamics is accounting for “false breaking” that 
occurs on short timescales and also reformation on long timescales. Allowing hydrogen bonds to 
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violate the bonding criteria for a period of time requires the assignment of an arbitrary critical 
violation time, t*. Increasing t* increases the effects of diffusion on the relaxation of the 
hydrogen bond population. On the other end, using a continuous H-Bond autocorrelation 
function captures both the true rate of H-Bond breaking as well as the rate of liberational motions 
corresponding to “false breaking” [39]. 
A. Luzar had summarized that changing the geometric criteria, arbitrary violation 
allowance time, and sampling frequency will have an effect on the measured H-bond dynamic 
parameters for most methodologies that attempt to compensate for diffusion or false breaking 
[39]. This conclusion bodes badly for trying to compare H-bond dynamics between different types 
of H-bonds because the different parameters obtained may not be due to the fundamental 
behavior of the H-bonds but rather due to the arbitrary criteria, like the different H-bond 
definitions, employed. 
However, a reactive flux network approach with a combined kinetic-diffusive model of 
hydrogen bond breaking and reformation was developed that allowed for the kinetic parameters 
of H-bonding to be separated from the influences of diffusion [28]. More importantly, the 
approach allows the kinetic parameters of different H-bonds to be compared without having the 
geometric criteria or any arbitrary violation parameter affect the measured dynamic parameters. 
Using this approach allows for the dynamic properties of the different H-bonds in water-glycerol 
solutions to be quantitatively compared and ultimately identify if there is a non-equal preference 
to form one type of H-bond over another. The remainder of this subchapter describes the 
implementation of the kinetic-diffusive model developed in ref. [28]. 
To account for diffusion in the relaxation of an initial H-bond population, H-bond 
reformation is included in the kinetic rate equation. Any H-bond pairs that are no longer H-
bonded, but still in close proximity to each other, at time t are considered to be part of a non-
bonded neighboring population, n(t). Former H-bond pairs within n(t) are assumed to have a first-








Where kr is the rate constant for H-bond reformation from former H-bond pairs in n(t). 
The former H-bond pairs within n(t), in addition to reforming, can also diffuse away from each 
other and be separated far enough that H-bond reformation is not immediately possible. The 
effects of diffusion on n(t) is modeled by Fickian diffusion. The rate of change in n(t) is a 
combination of Fickian diffusion over the entire space domain and the conversion of H-bond 
pairs between c(t) and n(t) occurring within a volume a3 with “a” being the range of lengths a 




𝜌(𝑟, 𝑡) = 𝐷∇2𝜌(𝑟, 𝑡) + 𝛿(𝑟)[𝑘𝑏𝑐(𝑡) − 𝑘𝑟𝑛(𝑡)] 
(3) 
 
Where (r,t) is the density of the unbonded pairs with a radius r corresponding to the distance 
outside of the range where H-bond pairs can convert between c(t) and n(t), and D is the diffusion 
coefficient between the specific H-bond pair. With this definition of r, the interconversion 








Solving for the governing equations for c(t) and n(t) simultaneously results in the following 







𝑠 + 𝑘𝑏 + 𝑘𝑟𝑠F(𝑠)
 
(5) 









The additional term d corresponds to the diffusion coefficient and “a” by 
 





In the study that developed the reactive flux model [28], appropriate values of kb and kf 
were determined by a numerical fit by using the measured values of c(t) and n(t) from simulations 
and plotted against the measured 
𝑑𝑐(𝑡)
𝑑𝑡
 according to the rate in equation (2). The value of d was 




using the same values of kb and kf determined previously. 
The approach allowed identical rates of H-bond breaking, kb, to be determined for both 
loose and strict HB criteria [39]. The reactive flux network, combined with a rate expression for 
H-bond breaking and reformation, was able to incorporate the effects that diffusion has on the 
autocorrelation function of the initial H-bond population. By using the above approach to analyze 
the H-bonds in water-glycerol systems, the kinetic parameters obtained for the different H-bonds 
are independent of the geometric criteria used and can be quantitatively compared. 
 
3.7.2. Accounting for the Transient Period in H-bond Autocorrelation Functions with an 
Adjusted c(0) 
The above reactive flux approach proposed by Luzar et al. is also used in this study. However, a 
different approach is used to normalize the H-bond dynamics between different models. In order 
for the effects of different H-bond criteria to be neglected in the previous study, the measured 
rate of change had to be determined by the initial rate of H-bond breaking at t=0, kTST, and a time 




𝑘(𝑡) = (𝑡) × 𝑘𝑇𝑆𝑇 
(8) 
The reasoning for this modification comes from the “false breaking” of H-bonds as a result of the 
arbitrary geometric criteria used to identify H-bonds. Different geometric criteria will identify 
different fractions of the total “true” H-bond population at a given instant. From the initial H-
bond population identified at t=0, there is a transient period where the H-bond population 
relaxes to occupy the other possible conformations of a H-bond. In this transient period, the rate 
of decrease of c(t) is influenced by fast vibrational fluctuations of H-bonds in addition to genuine 
H-bond breaking and formation. An example of the transient period is shown in Figure 9. 
To provide an example on normalizing the observed rate based on the geometric criteria, 
imagine the relaxation of an initial H-bond population identified by strict and lenient geometric 
criteria. Of the “true” H-bonds existing at t=0, the strict criteria will identify fewer H-bonds than 
the lenient criteria, but the measured c(0) using both H-bond criteria is, by definition, 1. The H-
bonds identified by the two criterion at t=0 will undergo fast liberational motions and will relax 
to occupy the other legitimate geometric conformations of H-bonds during an initial transient 
period. The strict geometric definition measures fewer possible conformations of H-bonds than 
the lenient criteria, so at time t after the transient period, the value of c(t) will be smaller using 
the strict criteria than the measured c(t) using the lenient criteria. After the transient period, only 
the true H-bond dynamics will influence the rate of change of c(t). Because the values of c(t) are 
different due to the transient period, the observed rates, which are dependent on the value of 
c(t), will also be different. The dynamical transmission coefficient calculated in the work by Luzar 
et al. accounts for these differences by effectively determining what the initial population, c(0), 






Figure 9 – Initial relaxation of a w-g H-bond population in a 10 mol% glycerol system. The transient 
period is highlighted in yellow where the initial H-bond population relaxes to other H-bond 
conformations not allowed by the geometric criteria and “false” H-Bonds rapidly disassociate. The 
rate of change in the H-bond correlation is calculated from equation (2) and measured values of 
c(t) and n(t), and the models in equation (9) and (10) are fit to the measured values of c(t) using 
kb = 0.045ps-1, kr = 0.04ps-1, d = 16ps, and c(0) = 0.82. Error bars are 95% confidence intervals. 
 
In this work, the initial H-bond population at c(0) is estimated from extrapolation of the 
behavior after the transient period rather than using the dynamical transmission coefficient. The 
reasoning is that, as explained in ref. [39], to get an accurate measurement of kTST and (t), the 
number of H-bonds changing between c(t) and n(t) had to be calculated every timestep (every 
1fs) or k(t) would be underestimated due to “hot” trajectories. In this work, H-bonds are 
calculated post-simulation. While this offers flexibility for running new analysis on MD 
trajectories post-stimulation, it requires exporting the coordinates for every timestep that will be 
analyzed post-simulation. If the number of H-bonds converting between c(t) and n(t) were 
calculated every timestep, then very large file sizes would need to be generated in order to 
calculate the dynamical transmission coefficient over a long period of time. To reduce the file 
size, the coordinates are exported less frequently, ranging from 10fs to 20ps, depending on how 
fast the dynamics of a particular H-bond is. It should be noted that the sampling frequency will 
not affect the measured c(t) or n(t) for a given timestep as these are history independent, but it 
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will affect the observed number of individual H-bonds interconverting over a given period of 
time. For this reason, neither (t) nor kTST can be accurately calculated with larger timesteps 
between trajectories, so an alternative approach is used to compensate for the transient period 
based on extrapolating c(0). 
The initial values of c(0) are then incorporated into the kinetic-diffusion model proposed 
by Luzar et al. When initially solved, the assumption is that c(0) must be 1 and n(0) is 0, but when 








𝑠 + 𝑘𝑏 + 𝑘𝑟𝑠𝐹(𝑠)
 
(9) 
Correspondingly, the value of the H-bonded population in the Laplace domain is given by 
 
𝐶(𝑠) =  
−𝑘𝑏𝑐(0)






The values of c(t) and its derivative in the time domain can be determined by a numerical inverse 
Laplace transform (details in Appendix). 
 
3.7.3. Data Collection and Error Analysis for H-bond Dynamics 
All dynamic H-bond analysis performed are based off of averages of 8 trials with different starting 
H-bond populations. Different time intervals are used to examine the relaxation of c(t) depending 
on how long it takes to see a significant decay in c(t) for a given H-bond type and concentration. 
These intervals range from 20 ps to 5 ns. Over the specified interval, atomic trajectories are 
exported over 500 evenly spaced timesteps to determine c(t), n(t), and 
𝑑𝑐(𝑡)
𝑑𝑡
. Data smoothing is 
performed on the measured values of 
𝑑𝑐(𝑡)
𝑑𝑡
 by taking the average slope of 
𝑑𝑐(𝑡)
𝑑𝑡
 and the 8 
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successive and 8 previous values of 
𝑑𝑐(𝑡)
𝑑𝑡
. Error bars shown, unless otherwise specified, are based 
off of 95% confidence intervals assuming that the 8 trials adhere to a Student’s t-distribution. 




c(t), and n(t). Afterwards, the initial values of kb and kr are refined by fitting equation (10) to the 
measured values of c(t) as well as determining the value for d. The measured values of c(t) have 
less relative uncertainty than the values of 
𝑑𝑐(𝑡)
𝑑𝑡
, so the kinetic and diffusive parameters can be 
assigned more precisely by fitting to c(t). 
 
3.7.4. Properly Assigning Values to the Kinetic and Diffusive Terms in the H-Bond 
Autocorrelation Model 
Admittedly, the transient period is difficult to locate without first identifying the kinetic model 
parameters that fit to a majority of the relaxation of c(t). If the model is not fit to a long enough 
period of time to observe a significant decay in c(t), then the rate parameters obtained could be 
overestimated. 
An example of improperly fit parameters for the kinetic-diffusive model of c(t) is provided 
in Figure 10. An initial set of kinetic parameters were assigned to the model by only looking at 
the relaxation of c(t) for w-g H-bonds in 10 mol% glycerol over an interval of 20 ps. The 
parameters are referred to as the “Early Fit Model” because the parameters assigned only predict 
the values of c(t) at early stages in the relaxation of c(t). Note that after 20 ps, half of the original 
H-bond population (adjusted for the transient period) still persists. After the “Early Fit Model” 
was created, the relaxation of the H-bond population was analyzed over a longer interval of time 
of 500 ps. Over this period of time, almost all w-g H-bonds that are detected at t=0 terminate. 
The new parameters assigned in the “Full Fit Model” are able to predict the value of c(t) from the 
initial relaxation to the time where most of the H-bond population terminates. One of the 
differences between the models is the value assigned to the rate of H-bond breaking, kb. The 
“Early Fit Model” has a larger kb because a portion of the transient period occurring from 0.5-1.0 
ps influences the fit of the kinetic model. During the transient period, the rate of H-bond 
population decay is larger, so a higher value of kb is fit to the data. The “Full Fit Model” only has 
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measurements of c(t) and n(t) every 1 ps, so most of the transient period is excluded from the 
data used to fit the “Full Fit Model”. From previous research, the transient period of the pure 
water model studied was around 0.2 ps [39], but in this study, the transient period is found to be 
as long as 10 ps for high concentrations of glycerol. This longer transient period may mean that 
processes other than vibrational motions are occurring during the transient period. Some 
additional part of the transient period could be false positive H-bonds. From the modified RDF in 
Figure 7, the non-zero value of HB(r) at the radial cutoff for g-w and g-g H-bonds indicates an 
intersection between the H-bonded population in the first peak and the second solvation shell in 
the second peak. At time 0, some of the H-bonds identified could be neighbors primarily residing 
in the second solvation shell, but due to vibrational motions, temporarily ended up within the 
criteria for an H-bond. This may contribute to the longer transient periods observed in glycerol-
water solutions. 
The demonstration in Figure 10 shows the importance of measuring the relaxation of c(t) 
for a long enough period of time to ensure that the parameters corresponding to H-bond 






Figure 10 – Demonstration of improperly fitting the H-bond kinetic-diffusive parameters in 
equations (9) and (10) if fit to too small of a time interval. The “Early Fit Model” uses the 
parameters kb = 0.06ps-1, kr=0.2ps-1, d = 2.5ps, and c(0)=0.82 fit over 20ps of relaxation. The “Full 
Fit Model” uses the parameters kb = 0.045ps-1, kr=0.04ps-1, d = 16ps, and c(0)=0.82 fit over 500ps 
of relaxation. 
 
3.7.5. Adjusting the measured non-bonded proximity H-bond Population, n(t) 
The measured non-bonded pair population n(t) must also be compensated for the transient 
period. Similar to how c(t) will decay more quickly during the transient period, the population of 
n(t) will quickly increase during the transient period due to fast vibrational motions. Some of the 
H-bond pairs transitioning from c(t) to n(t) are due to genuine H-bond breaking, but many of the 
pairs initially observed to be in n(t) are due to the relaxation of the initial H-bond population into 
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conformations of an H-bond that are not allowed by a specific geometric criteria. While the 
geometric criteria will consider both types of pairs as part of n(t), the H-bonds that are still “truly” 
H-bonded but outside the geometric criteria should be excluded from the population of n(t). 
According to the kinetic rate equation used, n(t) consists of close but unbonded pairs of H-bonds 
that were detected at t=0 that can transition back into the bonded population, c(t), through 
reformation. Because some of the pairs in n(t) are unaccounted H-bonds, the measured value of 
n(t) will overestimate the population of unbonded pairs that can convert back into the bonded 
population through the rate of H-bond reformation, kr. 
Ideally, the true population of close non-bonded pairs, ntrue(t), would like to be known by 
excluding the “truly H-bonded i.e. falsely not H-bonded” pairs found in n(t) at any given time, 
nfalse(t). By using the rate of change of n(t) after the transient period to extrapolate a value of 
n(0), similar to how c(0) is obtained, the fraction of the initial H-bond population that are “true” 
H-bond pairs but detected within n(t) can be calculated. 
The effect of calculating n(0) and c(0) is determining the equilibrium values of the H-bond 
population within c(t) and n(t) due to fast vibrational motions and specific geometric criteria of 
H-bonds employed before any genuine H-bond breaking occurs. The transient period can be 
thought of as the interval where equilibrium is rapidly established between the detected H-bonds 
in c(t) and the “true” H-bonds that are not accounted for by the geometric criteria, nfalse(t). During 




= −𝑘𝑏𝑐(𝑡) + 𝑘𝑟𝑛𝑡𝑟𝑢𝑒(𝑡) + [−𝑓1(𝑐(𝑡)) + 𝑓2(𝑛𝑓𝑎𝑙𝑠𝑒(𝑡))] 
(11) 
Where f1 and f2 are arbitrary functions of c(t) and nfalse(t) that describe fast vibrational motions 
that cause H-bonds to rapidly interconvert between c(t) and nfalse(t). However, once equilibrium 
is established between the populations of c(t) and nfalse(t), then the transient terms in the 
brackets cancel each other out and the rate equation becomes identical to eq.(2). Once 
equilibrium is established, then the transient period ceases and the rate of c(t) will only be 
controlled by H-bond dynamics and diffusion. 
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Where the constant can be determined by the extrapolated values of n(0) and c(0). This allows 
for the value of ntrue(t) to be calculated for any time after the transient period 
 





Realistically, some “true” H-bonds may lie outside both criteria to be detected in either c(t) or 
n(t). However, as long as a sufficiently large cutoff radius for H-bonds is specified, most “true” H-
bonds will exist in either the c(t) or n(t) population at any given time. Even with the adjustment 
for ntrue(t), correlating 
𝑑𝑐(𝑡)
𝑑𝑡
 , c(t), and n(t) to the rate model in equation (2) only works at times 
near the beginning of the H-bond population relaxation. 
 
 
Figure 11 – Relaxation of g-w H-bonds in a 50 mol% glycerol system. The model is the inverse 




 At long times, the predicted rate of H-bond decay using equation (2) is much lower than 
the actual change in the H-bond population. The reason for the model failing at longer times is 
most likely due to only a subset of ntrue(t) being able to transition back into c(t) at any given time. 
However, the values of kb and kr fit to the kinetic rate model at early times can be used as initial 
guesses for the models of -
𝑑𝑐(𝑡)
𝑑𝑡
  and c(t) in equations (9) and (10), respectively. 
 Even though the kinetic model that equations (9) and (10) are based off of cannot predict 
the decay of c(t) at longer times, equations are still able to predict c(t). This suggests that the 
fundamental principle of H-bond breaking and reformation combined with diffusion is still a good 
model for c(t). Presently, the current method used to measure n(t) needs refining in order for 
equation (2) to predict the decay in c(t). This may require knowing more information about the 
former H-bond pairs in n(t) such as the other H-bonds that they are participating in. 
 
3.7.6. Independence of H-bond Kinetic and Diffusive Parameters from Exact H-Bond Criteria 
In order to support that the modified approaches to analyzing the dynamic properties of H-bonds 
are still independent of the specific H-bond criteria used, the relaxation of g-g H-bonds in 70 
mol% glycerol concentration is studied with two different H-bond criteria. The first H-bond 
criteria is the one specified in Table 2. The second H-bond criteria uses a larger cutoff radius of 
4.05 Å and a different angle criterion. Instead of having the oxygen donator atom acting as the 
root of the angle, the hydrogen atom acts as the root of the angle between the donator and 
acceptor atom. With this definition, the closer the angle is to 180, the more linear the H-bond 
is. A minimum angle cutoff is specified at 150. This angle criterion is somewhat more restrictive 




Figure 12 – Relaxation of g-g H-bonds in a 70 mol% glycerol system measured using two different 
H-bond criteria. Equation (10) models the relaxation of both H-bond populations with different H-
bond criteria with the same dynamic and diffusive parameters of kb = 0.001, kr = 0.0025, and d = 
700ps. The only difference in the models is the initial value of c(0). For the original H-bond criteria 
(Top), the value of c(0) is 0.75. For the alternative H-bond definition (Bottom), the value of c(0) is 
0.56. 
 
The relaxation of a H-bond population using the two different geometric criteria is 
compared in Figure 12. Using the same kinetic and diffusive parameters for equations (9) and 
(10), the decay of both H-bond populations are predicted despite having different values of c(t). 
Because the two geometric criteria measure different amounts of the “true” H-bond population, 
the transient period causes the extrapolated values of c(0) to be different. The model with a 
larger cutoff radius and a stricter angle criteria accounts for a smaller subset of the “true” H-bond 
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population as indicated by the smaller value of c(0). It may also be possible that the larger cutoff 
radius for the second geometric criteria incorporates “false” H-bonds at t=0 that quickly decay 
from the measured H-bond population and also reduce c(0). 
Based on the ability for the model of c(t) given by equation (10) to predict the measured 
values of c(t) for both H-bond criteria, it gives some confidence that extrapolating the value of 
c(0) is a suitable alternative to using the dynamical transmission coefficient used in the study that 






< 1 10 30 50 70 
kb (ps-1) 
   0.28  
 0.03 
   0.118  
 0.002 
   0.0046  
 0.0008 
   0.0030  
 0.0009  
n/c 
kr (ps-1) 
   0.20  
 0.12 
   0.034  
 0.002 
   0.0018  
 0.0009 




   1.0  
 0.4 
   12  
 2 
   397  
 100 







< 1 10 30 50 70 
kb (ps-1) n/c 
   0.045  
 0.008 
   0.0028  
 0.0005 
   0.0018  
 0.0002 
   0.0013  
 0.0003 
kr (ps-1) n/c 
   0.035  
 0.015 
   0.0016  
 0.0007 
   0.0017  
 0.0005 
   0.0013  
 0.0007 
 (ps) n/c 
   19  
 4 
   573  
 160 
   1114  
 322 








< 1 10 30 50 70 
kb (ps-1) n/c 
   0.065  
 0.003 
   0.0025  
 0.0007 
   0.0015  
 0.0008 
   0.0012  
 0.0005 
kr (ps-1) n/c 
   0.044  
 0.005 
   0.0033 
 0.0028 
   0.0058  
 0.0064 
   0.0041  
 0.0030 
 (ps) n/c 
   12.7  
 1 
   305  
 156 
   492  
 339 






< 1 10 30 50 70 
kb (ps-1) n/c n/c 
   0.0040  
 0.0016 
   0.0018  
 0.0010 
   0.0010  
 0.0003 
kr (ps-1) n/c n/c 
   0.0062  
 0.0054 
   0.0077  
 0.0080 
   0.0027  
 0.0018 
 (ps) n/c n/c 
   223  
 113 
   438  
 342 
   773  
 428 
Table 3 – Summary of the kinetic and diffusive parameters used to model c(t) and its derivative 
based on equations (9) and (10). Values reported are averages and the error is the estimated 95% 
confidence interval. Averages and confidence intervals are obtained from a Monte-Carlo 
sensitivity analysis described in Appendix III. 
 
The average values for kb, kr, and d for different H-bonds at different concentrations of 
glycerol are provided in Table 3. Note that using the average values for all three parameters to 
fit the relaxation of c(t) may not be the best fit. Instead, the confidence intervals specified for 
each parameter indicate that a majority of the measured values of c(t) can be predicted if each 
of the three parameters are picked from within the confidence intervals specified. Once a value 
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for one of the parameters is specified, then the range of possible values for the other two 
parameters will be further constrained.  
In general, the relative uncertainty for kb is less than the uncertainty in kr and d. This is 
because, in equation (10), kr and d appear as product pairs, so similar predicted values of c(t) 
can be generated as long as the product of kr and d remain the same. From a physical standpoint, 
this means that the rate of H-bond reformation is difficult to decouple from the rate that former 
H-bond pairs diffuse away from each other. However, the value of kb is somewhat less dependent 
on the selected values of kr and d, so the predicted values of c(t) are more sensitive to changes 
in kb. 
The most important trend to note from Table 3 is that the rate of all H-bond dynamics 
decreases as the concentration of glycerol increases. Rates of H-bond breaking, H-bond 
reformation, and H-bond pair diffusion, which is inversely proportional to d, all decrease with 
increasing glycerol concentrations. For the rate of H-bond breaking, kb, in w-w H-bonds, the rate 
decreases the most between 10 mol% glycerol and 30 mol% glycerol solutions. At concentrations 
of 10 mol% glycerol or less, w-w H-bond breaking is O(0.1) ps-1 as opposed to O(0.001) ps-1 for 
glycerol concentrations of 30 mol% or higher. A similar order of magnitude change in H-bond 
dynamics occurs for the other types of H-bonds between 10 mol% and 30 mol% glycerol as well. 
Compared to the dynamic H-bond parameters obtained for the SPC water model used in 
ref. [28], the TIP4P/2005 water model has slightly slower H-bond dynamics. The slower dynamics 
of TIP4P/2005 water are estimated to agree with the experimental relaxation time correlated to 







Figure 13 – Comparison of H-bond correlation times normalized to the initial H-bond population 
accounting for the transient period, c(0). (Top left) 10 mol% glycerol (Top right) 30 mol% glycerol 
(Bottom left) 50 mol% glycerol (Bottom right) 70 mol% glycerol. Error bars represent the standard 
deviation for c(t)/c(0) accounting for an estimated standard deviation of 0.02 for estimating c(0). 
 
3.7.7. Identifying Non-Equal Preference for H-Bonds using Dynamic H-Bond Analysis 
Beyond identifying kinetic and diffusive parameters for H-bonds in water-glycerol solutions, the 
HBACF’s for each H-bond can be compared at each concentration of glycerol to determine the 
relative dynamics of each H-bond. The H-bonds that tend to stay correlated for longer periods of 
time indicate a preferential configuration over other H-bonds. In order to compare the relaxation 
of different H-bond populations, the effects of the transient period and the exact H-bond criteria 
employed should be accounted for. As described previously, the extrapolated value of c(0) 
describes the initial value of the H-bond population if the transient effects were excluded from 
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the relaxation of c(t). If the values of c(t) for different types of H-bonds are normalized to the 
extrapolated c(0), then they can be directly compared. 
By comparing the relative correlation times of different H-bonds at different glycerol 
concentrations in Figure 13, there are a few notable trends. First, the correlation time for w-w H-
bonds is consistently shorter than the correlation time for other types of H-bonds. This is due to 
the consistently faster rates of H-bond breaking, kb, for w-w H-bonds at all concentrations studied 
in Table 3. Because the correlation time for an H-bond pair is related to the likelihood of finding 
an H-bond pair in that configuration at a given time, this indicates that water oxygen atoms have 
a decreased probability of conforming to w-w H-bonds, especially at lower glycerol 
concentrations. Second, the correlation time of g-g H-bonds is similar, if only slightly shorter, than 
the correlation time of g-w H-bonds. This indicates little preference for glycerol oxygen atoms to 
conform to either g-g or g-w H-bonds. This adds insight into the original model used to predict 
the distribution of H-bonds in Figure 8. The original model assumed that an oxygen atom would 
have equal preference for donating to any acceptor oxygen. However, the dynamic analysis of H-
bonds indicates that there is an increased probability of finding w-g H-bonds over w-w H-bonds 
and little difference between g-g and g-w H-bonds. The higher measured fraction of w-g and g-w 
H-bonds than predicted by the probability models can be explained by the faster H-bond 







Chapter 4: Conclusions and Future Work 
The main deliverables for this study are: 
• The concentration dependence of the different fractions of intermolecular H-bonds for a 
specific water-glycerol model 
• A probabilistic model to verify the contributions of entropic effects to the fraction of H-
bonds in a mixture based on random association between oxygen atoms 
• An analysis of the H-bond dynamics in water-glycerol systems to decouple rates of H-
bond breaking and diffusion. 
• Comparing dynamic relaxations of H-bonds to identify if oxygen pairs have an increased 
likelihood to conform to one H-bond over another 
 
The following summarizes the new information gained for water-glycerol mixtures based on the 
above deliverables. 
From analyzing the concentration dependence of the fractions of H-bonds in water-
glycerol mixtures, a maximum number of H-bonds occurring between opposite molecules occurs 
around 30 mol% glycerol. If the observed maximum contribution of w-g and g-w H-bonds 
occurring around 30 mol% glycerol is reliable, then the contributions of these opposite molecule 
H-bonds may be responsible for the minimum and maximum properties observed for water-
glycerol solutions around 30 mol% [1, 3]. 
 To verify that the fractions of H-bonds measured are reliable and not only an artifact of 
the particular H-bond criteria used in this study, a probability model is used to account for 
entropic contributions and H-bond dynamics are used to account for non-equal probabilities of 
oxygen adhering to a particular H-bond conformation. 
 The probability models developed show that random association of oxygen atoms in the 
water-glycerol systems can account for a majority of the H-bond populations observed. However, 
the H-bonds that glycerol oxygen can form are dependent on the H-bonds that are formed by the 
other intramolecular glycerol oxygen. This limits the possible conformations of g-g H-bonds in 
the system and leads to a lower fraction of g-g H-bonds in the systems studied. 
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 The comparison of H-bond dynamics indicates that w-w H-bonds decorrelate faster than 
other H-bonds in the system. This causes water oxygen to have a higher probability of conforming 
to w-g H-bonds than to w-w H-bonds and has the effect of increasing the fraction of w-g H-bonds 
in water-glycerol mixtures while decreasing fractions of w-w H-bonds. 
 Combining the predictions of the probability models and the H-bond dynamic analysis, 
the observed fractions of H-bonds measured in MD experiments are supported and are not an 
artifact of the somewhat arbitrary H-bond criteria employed. 
Future work may wish to explore the temperature dependence of the H-bond dynamics. 
From this study, the concentration of glycerol is shown to affect the H-bond dynamics of all 
intermolecular H-bonds, but the temperature dependence of the water-glycerol H-bonds has yet 
to be explored. H-bonds in pure water have been shown to follow an Arrhenius temperature 
dependence [7], so H-bonds in water-glycerol mixtures may also follow an Arrhenius 
temperature dependence. However, it is not known if the activation energy of H-bonds is also 
affected by the concentration of glycerol or if the concentration only affects the pre-exponential 
factor for H-bond dynamics. 
Now that a benchmark for the H-bond populations and dynamics have been established 
for the bulk water-glycerol mixtures, future research may wish to focus on how the H-bond 
behavior of water-glycerol systems change in a nanofilm lubrication regime. MD studies will need 
to incorporate a reasonable set of interaction parameters for the water and glycerol with the 
hydrotreated and non-hydrotreated sliding surfaces, as the superlubrication phenomena has 
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I. Numerical Evaluation of the Inverse Laplace Transform of the Autocorrelation Function 
The inverse Laplace transform of C(s) and its derivative back into the time domain are calculated 













With X(s) corresponding to the Laplace transformation of a time dependent function x(t). The 
number of summation terms, n, is a free parameter and is adjusted by trial and error. The best 
choice of n was found to be 10 ≤ n ≤ 14 from ref. [44] and 14 ≤ n ≤ 16 for the problems covered 
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The choice of the Gaver-Stehfest method for numerically performing the inverse Laplace 
transform is based on the evaluation of different numerical inverse Laplace transform methods 
from ref. [45] where the method was shown to accurately model the analytical solutions for 
equations with exponential decay. 
 
II. Switching between a non-switching function and a switching function implementation for 




All of the water-glycerol systems aside from the 70 mol% glycerol solution undergo structural 
equilibration according to Chapter 2.3. For the 70 mol% glycerol solution, the system undergoes 
structural equilibration at 300K and 1bar atm using the same simulation parameters specified in 
Chapter 2.3, but the Lennard-Jones potential is not calculated with a switching function as 
specified in Chapter 2.1. Instead, the Lennard-Jones interactions are calculated between atoms 
less than 12.0 Å apart and are 0 otherwise. 
After approximately 70 ns of simulation time with the above conditions, the Lennard-
Jones interactions are changed to adhere to the switching-function specified in Chapter 2.1. The 
average total energy of the system shows no signs of deviation over 5 ns after switching the 
method used to measure the Lennard-Jones interaction parameters. The average total energy 
over the 5 ns interval is -3656 eV with a relative standard deviation of 0.2%. Because the distance 
cutoffs used to directly calculate Lennard-Jones parameters are large, the Lennard-Jones 
potential already evaluates close to 0 at near the cutoff radius. As a result, the energy 
contribution from pairs beyond the cutoff radius evaluated by the switching function are already 
close to 0. Atomic trajectories used for H-bond analysis for the 70 mol% glycerol solution are 
gathered after the Lennard-Jones switching function is implemented. 
 
 
Figure 14 – Total energy of the 70 mol% glycerol system shown for 5ns after changing the 
Lennard-Jones calculations from a non-switching function the switching function specified in 




III. Sensitivity Analysis of H-bond Dynamic and Diffusive Parameters 
The estimated 95% confidence intervals for the dynamic and diffusive parameters listed in Table 
3 are calculated from a Monte-Carlo sampling of the parameters. An interval is defined to 
randomly pick values for kb, kr, and d. Then, the calculated value of c(t) from equation (10) is 
compared to the measured values of c(t). If more than 95% of the calculated values of c(t) fall 
within the 95% confidence intervals of c(t), then the pair of randomly selected variables is saved 
in a distribution. 400 pairs that satisfy the above criteria are generated and the top and bottom 
2.5% of the values for kb, kr, and d are eliminated from the distribution. The range between the 
maximum and minimum values for the distribution are compared to the interval allowed for the 
randomly generated parameters. If the range is greater than 65% of the range for the variables 
to be sampled, then the random sampling interval is increased and a new set of 400 parameters 
are generated until the range is less than 65% of the random sampling interval. This is to ensure 
that the random sampling interval is large enough to observe the middle 95% of the possible 





Figure 15 – Distributions of  400 values of kb, kr, and d used in equation (10) that fit the measured 
values of c(t) for g-w H-bonds in a 30 mol% glycerol system. The ranges of the x-axis correspond 
to the allowed random sampling intervals. 
A typical distribution of the values for kb, kr and d is provided in Figure 15. Because values 
for the three parameters are generated in pairs, the 95% confidence intervals for each parameter 
are interdependent. This means that the distribution for one of the parameters is affected by the 
freedom to select values for the other two terms and still fit the measured values of c(t). Also, it 
should be noted that not all of the distributions for the parameters are normally distributed. This 
would mean that the 95% confidence intervals would be different for the positive and negative 
deviations from the average values reported. However, the purpose of this sensitivity analysis is 
only to provide an approximation for the precision of the kinetic and diffusive parameters in Table 
3, so the distributions are assumed to be normal enough to report identical positive and negative 
intervals from the average to approximate the middle 95% of the possible values of the 
parameters. 
